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THE STRUCTURE OF GROUPS WHICH ARE ALMOST
THE DIRECT SUM OF COUNTABLE ABELIAN GROUPS

ALAN H. MEKLER

ABSTRACT. The notion of being in standard form is defined for the groups de-
scribed in the title of the paper which are of cardinality w;. Being in “standard
form” is a structural description of the group. The consequences of being in
standard form are explored, sometimes with the use of additional set-theoretic
axioms. It is shown that it is consistent that a large class of these groups,
including every weakly wj-separable w;-X-cyclic group of cardinality w;, can
be put in standard form.

0. Introduction. In Problem 5 of Abelian groups [F|, L. Fuchs asked: “In
which groups can every infinite (pure) subgroup be imbedded in a direct summand
of the same power?” Of course here and in our paper “group” means “Abelian
group”. For the purpose of this paper we will call a group a Fuchs 5 group if every
countable subset is contained in a countable direct summand. So a Fuchs 5 group
of cardinality w; is an example of the sort of group asked about. It is more usual
to let a Fuchs 5 group be any group satisfying the hypothesis of the problem. Since
we will be concerned almost exclusively with groups of cardinality w;, there should
be no confusion.

The first nontrivial example of a Fuchs 5 group was constructed by Hill [H].
Hill’s example was an w;-separable group of cardinality w; which was w;-3-cyclic.
A group is w;-separable if every countable subset is contained in a completely de-
composable direct summand. We say a group is X-cyclic if it is a direct sum of
cyclic groups and w;-X-cyclic if every countable subgroup is X-cyclic. Most of the
work on Fuchs 5 groups has centered on constructions of w;-separable groups of
cardinality w; with specified properties.

Certain of the constructions can be carried out without appealing to any addi-
tional set theoretic axioms. One of the most straightforward constructions of an
wy-separable w;-free group is the following. (A group is wi-free if every countable
subgroup is free.)

Choose a stationary subset of lim(w;) (the limit ordinals < w;). (We will define
stationary later.) For each § € S choose 7s: w — é an increasing sequence of
ordinal not in S whose supremum is §. Such an 74 is called a ladder for § and
(ns: 6 € S) is called a ladder system. We use the “( )” to denote a sequence and
“(')” to denote the subgroup generated. Our group G will be the subgroup of
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146 A. H. MEKLER

generated by
{Za+1: 0 <wi}U{2sn:6 € S,n<w}

where
n
def i
28n = (175 - E 211:"6(1')) /2n+1'
i=0

It is easy (cf. [E2]) to see that G is w;-separable and w;-free. One can vary the
isomorphism type of G by changing S, the quotient groups Gs+1/Gs (where G, =
(rg: B < a).) or the ns’s (cf. [E2, 11.1]). Of course, (X). denotes the pure
subgroup generated by X. We will call groups like the above “classical” and show
it is consistent that all w;-separable w;-free groups of cardinality w; are classical.

Other constructions of w;-separable groups have concentrated on pathological
properties. These constructions have all used ¢-like principles which although
consistent with ZFC are not provable.

The notions of being “a Fuchs 5 group” or being “w;-separable” have a “weak”
counterpart. We say a group is a weak Fuchs 5 group iff every countable subset X is
contained in a countable subgroup B which is a direct summand of every countable
extension. (Such a subgroup B is called wi-pure.) We can similarly define weakly
wj -separable. These “weak” notions have an interest from a logical point of view.

¢

0.1 THEOREM [E1]. A group is Lo, -equivalent to a free group iff it is weakly
w1 -separable and wy-free. If a group is Loow, -equivalent to a direct sum of countable
groups then it is a weak Fuchs 5-group.

Actually Eklof only proved the first statement. The second follows immediately
from the methods in [E1]. From Shelah’s work on the Whitehead problem it is
known that it is independent of ZFC whether or not weakly w;-separable w;-free
groups of cardinality w; are w;-separable. (See the comments after Corollary 3.3.)
It is possible to show using < that there are weakly w;-separable groups which are
indecomposable [EM].

In fact the pathological examples available assuming ¢ seem to show that there
is no hope of answering Problem 5 even for the best behaved class of groups, the
wi-separable wi-free groups of cardinality w;. At least this is the case if we restrict
ourselves to theorems which can be proved in ZFC. The first indication that some-
thing positive could be proved concerning Problem 5 came in a remarkable paper
[E3] by Eklof called “The structure of wi-separable groups’. There he characterizes,
under the assumption of MA + — CH, isomorphism of w;-separable w;-free groups
of cardinality w;. This characterization is used to obtain structural results about
the direct sum decompositions of these groups. In [EM2] we were able to extend
the characterization, again using MA + - CH, to w;-separable p-groups. But we
were not able to prove the same strong decomposition results.

This paper was inspired by [E3]. We wanted to extend his results to a wider class
of Fuchs 5 groups and to give a structural description of these groups. In particular
we wanted to show that only wj-separable w;-¥-cyclic groups of cardinality w;
which could be constructed without additional set theoretic assumptions were the
“classical” ones. More exactly we wanted to show it is consistent with ZFC that
any w;-separable w;-E-cyclic group of cardinality w; can be put in a certain simple
form. For these purposes MA + — CH is not sufficient. We used a version of the
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proper forcing axiom (PFA). This axiom is strictly stronger than MA + -~ CH. So
we will have Eklof’s results as consequences, albeit with a stronger hypothesis.
Although we will recapitulate some facts about proper forcing, we have made no
attempt to present a clear exposition of PFA and the related concepts. In [M3] we
gave an introduction to the Proper Forcing Axiom designed for the abelian group
theorist. We will assume the reader is familiar with [M3] or some other exposition
of proper forcing (e.g. [D] or of course [S2]). In [M3] we announced many of the
results in this paper. Indeed it was written as a companion to the present paper.
Only in §3, do we require knowledge of the Proper Forcing Axiom. The other
sections can be read by, and we hope will be of interest to, a wider audience.

In §1, we define what it means for a group to be in standard form. To help explain
this notion we will show for w;-separable w;-free groups that being in standard form
is equivalent to being classical. However we do not view this as a justification of the
notion of standard form. We think it is most natural to construct Fuchs 5 groups as
groups in standard form. Unlike other methods there is no difference between the
torsion and torsion free case when one constructs w;-separable w;-X-cyclic groups
in standard form. To illustrate the methods for the reader unfamiliar with [M1], we
construct in §4 a mixed w;-separable w;-X-cyclic group. It is possible to generalize
the notion of standard form to w,-separable groups of cardinality w,. In [M1]
we constructed wy,-separable w,-free groups of cardinality w,. These groups are
constructed in the analogue of standard form.

In §2, we investigate the consequences of being in standard form. We show,
assuming MA + - CH, that any Fuchs 5 group in standard form has a strong
decomposition property. Before we can state this result we recall some definitions.

A subset C C wy is a c.uw.b. if it is closed (i.e. for all Y C C if supY < w; then
supY € C) and C is unbounded (i.e. supC = w;). A subset S C w; is stationary if
SNC # & for all cubs C. Further we have an equivalence relation on stationary
sets namely S = S’ if there is a cub C such that SNC =S8N C. As usual we let
E denote the equivalence class of E, 1 denote @; and 0 denote .

Suppose now A is a weak Fuchs 5 group and |A4| = w;. Choose w;-filtration of
(Aq: o < wy) of A such that for all & < w; Ag+1 is wi-pure. (Recall (Ay: o < w)
is an wy-filtration iff A = |J Aq; for all a,|As| = w; for o < B, A, C Ap; and
for limit ordinals A, Ay = [J,<) Aa.) Define I'(4) = E where E = {a: Aq is not
wy-pure}. As usual one can show E is an invariant of A and does not depend on
the w;-filtration of A. Also standard is the fact that A is a direct sum of countable
groups iff '(4) =

We prove (cf. Theorem 2.4)

THEOREM. Assume MA + —CH. Suppose A is a Fuchs 5 group in standard
form and T(A) = E. Whenever E = E; U E; (disjoint), there are A;,A2 C A so
that T(A;) = E; and A= A; & A,.

Eklof [E3] has shown it is consistent with MA + —=CH that there are w;-separable
wy-free groups of cardinality w; which do not satisfy the theorem above. So our
main theorem cannot be proved using MA + —-CH. §3 is devoted to proving our
main theorem.



148 A. H. MEKLER

THEOREM. Assume PFA™. If A is a weak Fuchs 5 group of cardinality w, and
either

(I) T(A) #1, or

(IT) A @s wy-Z-cyclic,
then A can be put in standard form.

1. Standard form and the classical groups. Suppose A is a weak Fuchs 5
group of cardinality w; and (A4 : o < w;) is an w;-filtration of A.

Let E = {a: Ay isnot wy-pure}. B = {By,: @ <7 <w; and o ¢ E} is a system
of complementary summands (w.r.t. (Ay: a < w;)) if for all o, p, 7 for which these
expressions make sense: (i) A; = Ay @ Bar; (i) Bar = Bap ® By, and (iii) if A
is a limit ordinal then Bax = Uy« <) Bap- Note that a system of complementdry
summands witnesses that A is a Fuchs 5 group. If a ¢ E, then A = A, &, <, Bay-

DEFINITION. Suppose A is a Fuchs 5 group of cardinality w;. Then A can be
put in standard form if there are an w-filtration (A,: @ < w;), a system B =
(Bar:a < 1,a€ E)and Y = (Y5: 6 € E) (where E = {a: A, is not w;-pure})
such that for all § € E: As41 = (As UYs); and forally € Vs and a < 6,0 ¢ E
there is a finite set S C § — F so that IIpa(y) = ZUGS Myo+1(y). Hereforo, p¢ E
Iy, is the projection of A on By, along A; ® U, <, Bor (Ao is assumed to be 0).

In order to explain this definition and to justify our assertion that the w;-
separable w;-free groups in standard form are exactly the ones with a simple con-
struction, let us define another class of groups.

DEFINITION. An w;-free group A is classical if for some set S C lim(w),
(ns: 6 € S) a ladder system for S (assume 75(0) = 0 for all é), A is the subgroup

of
@ @ Qzan @ @ @ Qyén
0;<¢U-él new 6€S n<n(6)<w

generated by {ZTo41n: 0 <wi,n <w}U{ysn:6€ S and n <n(8)}U{zsnm:96€E
S, n <w,m<m(6,n) <w} where for each §,n and ¢ < n there is t(6,n,%) a linear
combination of the {Za4+1.m: ns(n — 1) < a+1 < ns(n)} and each 25, m is of the

form
w | yso— Y t(6,k,0),....ysn — > t(6,k,n)/d
k<n k<n
where w is a term and for all s > n d|w(¢(6,s,0),...,t(é,s,n)) in the group gener-

ated by {Za41n: ¢ <wi,n < w}.

The example we gave in the introduction is a classical group. Also we could
have dropped the requirement that A be w;-free but then we would have had to
put more complicated conditions on the 25, m’s to guarantee that A is w;-free.

1.1 PROPOSITION. An w;-free group of cardinality wy is classical iff it can be
put in standard form.

PROOF. Assume that A is classical and let o410, ¥s.ns 26.n.m,t(6,k,7),ns be
as in the definition of a classical group. Let A, = ({zgn: 8 < a,n < W} U
{ysm: 6 < B,6 €S,n<n(d)})s So (An: @ <wyp) is an wy filtration of A. Rather
than defining B we will define the projections Ilgo: A — A, for o ¢ S. This
will define B,, to be kerIlp, N A,. If for some o € S, A, is w;-pure, then we
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can choose a projection II of A,4+; on A, and let IIg, = II 0 Ilpq41. Of course
g, | Aq =id. Then for 8 > « let Ilpq(zgn) = 0. This induces a unique function
on the subgroup of A generated by {zg4+1n: 8 < w1,n < w}. Next if 6 € S we
define Iloq (¥s,n) = Hoa (D ,<x t(6,7,n)) where ns(k) > a. Our definition of being
classical was designed so that Ilp, extends to a unique function from A to A,.
Finally we let

Ys = {ysn: n <n(6)} U{2sn,m: n <w,m <m(b,n)}.

Now suppose A is a standard form and (Ay: @ < wy), B = {Ba,: a € E} and
Y ={Ys: 6 € E} are as in the definition of standard form. There is no difficulty
in assuming Y5 is a pure subgroup of A and for each y € Y5, and o < § (o ¢ E),
y — Hoa(y) € Ys. By considering a cub subset of w; we can assume each Byg 1
is a countably (infinitely) generated free group. Let {Zqn: n < w} be a set of free
generators for Byo+1. Choose (ns: 6 € E) a ladder system. Next consider § € E,
we claim we can find {ysn: n < n(6) < w} such that As11 = (As U{ysn:n <
n(6)})«, the ys »’s are independent modulo As, {ys.m: m > n} is pure independent
modulo Ay, (n) + (Y5,m: m < n).

We need only consider the case n(6) = w. For simplicity y will drop the subscript
6. Choose the y,’s inductively. First choose {y3: n < w} pure independent so that
Ass+1 = (AsU{y2: n < w}). and {y2: n < w} are independent modulo As. Suppose
that {y%: n < w} has been defined. Let yit! = y%, for n < 1. Next choose y5!’s
by induction on n > ¢+1 so that {y’1: n > i+ 1} freely generate a complementary
summand of (7, — Mon, (i+1)(Ysm): M < 9« in Yy, — Togs (i+1)(¥n): 7 < w)s, and
for all n < w, {y%:m < n} C (Ap,i+1) YLy :m < n}). Let yp = y7. It
should be clear that {y,: n < w} has all the desired property except perhaps that
{yn: n > m} is pure independent modulo A, (). Consider Y }_,. ¢; —y and
suppose that d divides this sum modulo Ay () + (ys,m: m < n). Then by the

choice of y,, (= y%) d|cn- So d| Z::,; ¢iy; and we are done by downward induction.
Now we can define ¢(6,7,n) to be Il (i—1) ns(i)¥sn and similarly define the
25n,m’s to be a set of generator of the (free) group (ysm —Ion, (n) (Ys,m): m < n)..
It seems that it is also possible to give such a concrete realization of w;-separable
primary groups. However we view the condition that a group is in standard form
as equally natural as any other condition.

2. Consequences of being in standard form. There are several natural
questions about Fuchs 5 groups of cardinality w; in standard form. Are there
any non-d.s.c. ones? Are all groups in standard form? Can we draw any further
conclusions from knowing that a group is in standard form? As we explained in the
introduction most constructions of Fuchs 5 groups are in fact constructions of groups
in standard form. There is at least one construction in [E3] of an w;-separable group
of cardinality w; which is not in standard form. He did not construct the group
for this purpose but we will show his group is not in standard form. Of course this
construction cannot be carried out in ZFC. Whether or not being in standard form
has any consequences outside of its intrinsic interest is a delicate question. We are
only aware of two results in ZFC.

2.1 THEOREM. If A is an w;-separable wy-free group in standard form and
I'(A) # 1, then A = Hom(B, Z) for some group B.
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A proof of this result should appear in a forthcoming work on the structure of
Hom by Eklof and the author.

The second application concerns p“*!-projective groups. A separable p-group
G is p**1-projective iff there is some subgroup P C G[p| (= {z: pz = 0}) so that
G/P is E-cyclic. (This is actually characterization of p**1-projective, cf. [FI].) A
countable group is p“*!-projective iff it has length < w + 1.

2.2 THEOREM. Suppose A is an w;-separable p-group in standard form, where
(Av: v < wy), (Byr: v < p,v & E) and (Ys: 6 € E) witness A is in standard
form. A is p**!-projective iff for some cub C C w; and all v € C, A,41/A, is
p“t projective.

PROOF. First we do the easy direction. Suppose A is p**!l-projective. Let
P C Alp] be such that A/P is E-cyclic. Since A, + P/P is an w;-filtration of A/P,
there is a cub C such that for all v € C A, + P/P is a direct summand of A. So
for v e C,

(Av+1/AV)/(Av + (Av41 N P)/AL)
=~ Ay11/(Ay + (Ays1 N P)) = Apy1 + P/A, + P C AJA, + P

which is E-cyclic. Since A, + (4,41 N P)/A, C (Av+1/AL)[p], Av+1/AL is poti-
projective.

Now suppose A,+1/A, is p**1l-projective for all v in a cub. By changing the
filtration we can assume A, ;1/A, is p**!-projective for all v. For v,7 & E, let I1,,,
be the projection of A on B,, along A, & |J p>r Brp- We define P by induction.
Let P, = {0}. If v ¢ E, let P,y; = P, ® Byy+1[p]. For limit ordinals A, let
Py = Uu<A P,.

Suppose 6 € E. Y5 can be chosen to be a subgroup so that y € Ys,v < 6
and v ¢ E implies y — g, (y) € Ys. So for y € Y5 if py € A5 and so in A, for
some v < 6, v ¢ E then p(y — I, (y)) = 0. Hence it can be assumed that for all
z € (As+1/As)[p] there is y € Y5[p] so that = € y + As. Choose Q C (As+1/A4s)(p]
so that (As+1/As)/Q is Z-cyclic. Then there is Qs C Y5([p] so that Qs +As/As = Q
and (Qs + Ps) N As = Ps. To see such a Qs exists, first pick an independent set of
generators for @ and then choose preimages. Let Ps41 = Qs + Fs.

Let P = Uu<w1 P,. 1t is clear that PN A, = P,. It remains to see that A/P is
3-cyclic. By induction on v we will show:

(i) Ay /P, is E-cyclic,

(i1) Ay+1/(Ay + Po41) is E-cyclic; and

(ii) (Ay + Py41)/Pu+1 is pure in Ap41/Poy1.

The only difficult case occurs when § € E and we must verify (i) for 6 + 1 and (ii)
and (iii) for 6. The choice of Qs ensures that Asy1/(As + Ps41) is E-cyclic. Next
we show (As + Ps+1)/Ps+1 is pure in Asy1/Psy1. Suppose p™|a + = + y where
a€ As,z € Ps and y € Qs (C Ys[p]). Choose v < é so that a,z € A, and v ¢ E.
So p™|a + z + I, (y). But I, (y) € Ps. (Here we use that A is in standard form.)
Since Ajs is pure there is a’ € Ag so that p"a’ = a + z + Ig,(y) = a mod Ps4;.
Finally since As/Ps ~ (As + Ps+1)/Ps+1 and Asy1/As + Psy1 are Y-cyclic and
(As + Ps11)/Psy1 is pure in Asy1/Psy1, Asy1/Ps41 is E-cyclic.

As will be proved, it is consistent that every w;-separable group of cardinality w;
can be put in standard form. So under some set-theoretic assumptions Theorem 2.2
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characterizes the w;-separable groups of cardinality w; which are p**!-projective.
By a theorem of Fuchs [F2] any p“*!-projective group of final rank w; has a -
cyclic direct summand of final rank w;. (The final rank of G is lim,, rank(G/p"G).)
Hence the following theorem shows that the characterization fails if ¢ holds.

In the course of proving the next theorem we will need a particular pure projective
resolution of a group of length w + 1. We summarize the construction as a lemma.

2.3 LEMMA. Suppose m, (n < w) is an increasing sequence of natural numbers
where mg = 1. Let G be the @(gn) ® P,<,,(hn) where the order of g, is p™»
and the order of hy is p™»~1. For convenience we let hg = 0. For n < w, let
kp =hp —gn—pmntt~Mng, 4. Let K be the subgroup of G generated by the ky’s.

(1) p*(G/K) = (go + K) a cyclic group of order p.

(2) For all j let K; be the subgroup generated by {kn: n < j}. Then {kn:n < j}
is a basis for K;.

(3) For each n, the order of ky, is p™n.

(4) For each j, let H; be the subgroup generated by {hn: n < w}U{gn: n > j}.
Then G = K; @ H;.

(5) Finally for all j, ht(go + K;) in G/K; is m;.

The proof of this lemma is a straightforward verification.

2.4 THEOREM. Assume < holds. There ts an w;-separable p-group A of car-
dinality wy, final rank wy which 1s not the direct sum of two groups of final rank
wy. Further A has an wy-filtration (Ay: a < wy) such that for all @, Ag+1/Aq 18
p“t1-projective.

PROOF. The proof we present here is a modification of Theorem 3.5 in [E3]
which itself is a modification of [EM1]. To simplify the proof we will take E a
stationary costationary subset of Lim(w;) such that $(F) holds. We will construct
inductively A, a group structure on a X w and By, v < o, v ¢ E, so that each A,
is E-cyclic and (Byo: v < a,v ¢ E) is a system of complementary summands. If
a¢ E, then Agy1 ~ Ao ®P, ¢, Z(p") and the B4 41’s are defined in the obvious
manner. At limit ordinals we take unions.

Using O(E) we choose ((Y?,Y{): 6 € E) so that for all YO,Y! C w; x w
{6:Y°Néxw =Y and Y'Né xw = Y3} is stationary. The key case occurs when

there is (o : n € w) an increasing sequence of ordinals outside E
(%) with limit é so that for all n, As, = YPNA,, ®Y{NA,, and the
final rank of Y{ N Aq,,,/Yi NAq, isw (1=0,1).

In this case since Y{ NAq,,,/Y#NAq, is E-cyclic we can choose ¢}, € YiNA,,,,
so that ¢!, + Y N A,, generates a pure subgroup and is of the same order as c,.
Further we can assume if m < n then the order of ¢, is less than the order of
¢, (1,7 = 0,1). For all n let ¢, = ¢ if n is even and c} otherwise. Let m, be
the order of c,. For all n # 0, let b, be the (unique) element of By, q,,, so that
¢n —bn € Ay, . Note that the order of b, is the same as that of ¢,, and b,, generates
a pure subgroup of By ,q,,,. Choose by € Bygqa, so that the order of by is p.

Let G,K,gn, hn,k, be as in Lemma 2.3 relative to the sequence m,. Define
Ast1 = As + G/{(bn, —kn): n < w). (We add G to As but identify b, and k,.)
For all n let B,, 541 be the subgroup generated by B,, s together with H,. As in
[M1] we can verify that this induces a definition of the B,s,1’s.
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At other ordinals in E we just choose the b,’s in any allowable manner.

Let A =|J A,. The construction of the B,,’s guarantee that A is w;-separable.
So it remains to see that A is not the direct sum of two groups of final rank w;.
Suppose A = Y% @ Y is a counterexample. Then as in [EM1] there is an ordinal
§€FEsothat YONéxw=Y2 Y'Néxw=Y{ and (*) holds at 6.

By the construction p¥(A/As) ~ Z(p). So either go + As € YO + As or go +
As € Y! + A;. Without loss of generality we can assume gg + a € Y9 where
a € As. Choose n odd so that a € A,,. By construction ht(go + A4,) = my, and
ht(go + (Aa, U{bn})) = mnt1. But (A, U {bn}) = (Aa, U {cn}). Alsoc, € Y1
So ht(go + (Aa, U {cn})) = ht(go + As,), a contradiction. (A small point is if
go+ As €Y + A5 we must take n > 2.)

The construction in the theorem above can be generalized to get I'(4) = 1 and
any specified countable quotients.

Many of the constructions of pathological w;-separable groups assuming some
set theoretic axioms can be modified to constructions of groups in standard form.
For example we can prove the following theorems. (We cite the papers where the
results, without the requirement that the groups are in standard form, were proved.)

2.5 THEOREM. (1) [E3, Theorem 3.5]. Assume {$(E) for some stationary
subset E C lim(w;). Then there is an w;-separable wy-free group A in standard
form such that T'(A) = E and A is not the direct sum of two uncountable groups.

(2) (Mekler, unpublished) In (1) A can also be taken to be “almost endo-rigid”
i.e.. any endomorphism is, modulo a countable summand, multiplication by an in-
teger.

(3) [EM2, Theorem 1.3]. Assume {$(E) holds for some stationary subset E C
lim(w;). Let R be a ring whose additive group is the completion of a free p-adic
module of countable rank. Then there is an wi-separable p-group in standard form
A of final rank wy such that the endomorphism ring of A is a split extension of
R by EX(A). (Here EY(A) are the unavoidable endomorphisms any wi-separable
p-group must have.)

PROOF. We shall only sketch the changes to the proof in [E3] necessary to
prove the stronger theorem stated here. The group A is constructed with w; as
the underlying set. So we can use ¢(FE) to predict pairs {(Y5,Y{): 6 € E} so
that if Y,Y’ C A there is some § such that Y N As = Y5 and Y' N 45 = Yj.
We construct (Ay: @ € wy) an w;-filtration of A, (Baw: o ¢ E,a < v) a system
of complementary summands, and (Ys: 6 € E) witnessing that A is in standard
form by induction on o < w;. Further the construction will satisfy the additional
condition:

for all z and n < w there is a finite set of ordinals S so that
2”!3 - ZQGS Haa+l(x)-
The only novel case in the induction occurs when

6 € E,Y; and Y{ are subgroups of As there is a ladder ns on ¢
such that for all n € w, letting 7, = ns(n):

A, =(YsNA;, )+ (Y{NA;);

YsNA;4+1/Ys N A;, has a summand = Z; and

Y{NA;,, /Y{NA,; has a summand = Z.
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Now Eklof shows for all n € w there are ¢, € YsNA,,,,, and ¢, € Y{NA,, ., such
that cp,+c¢), € Br,,, 1 rsn.2 a0d ¢y, (resp. c},) is of height 1 modulo YsNA,, ., (resp.
Y{ N A, .,). By our inductive hypothesis we can choose a finite set of ordinals S
such that if & € S, then o ¢ E and 2"*|c, + ¢}, — Y cs Haa+1(cn + ). Let
bn =2 ges Maat1(cn +cy). Let

#n on+1 and  Asi1 = (As U{zn: n € w}).

As usual we can let B;, +15+1 = (Bry,+16U{2m: m > n}) and Y5 = {zp,: m € w}.

In order to see that A is the desired group, note first that 2"+1|ys — (c, + c%)
modulo A.,,. Then just as in [E3] we can show that A is not the direct sum of two
uncountable groups.

REMARK. In particular Theorem 2.5.3 says that there is an w;-separable p-group
in standard form without a ¥X-cyclic direct summand of final rank w;. Because of
the result of Fuchs quoted before Theorem 2.3 (i.e. that any p“*!-projective group
of final rank w; has ¥-cyclic direct summand of final rank w;), there may seem
to be an incompatibility between the claims in Theorem 2.5.3 and Theorem 2.2.
(Certainly it caused the author to worry.) In the proof of 2.5.3, Asy; is contained
in the torsion completion of As. So Theorem 2.2 does not apply. However Theorem
2.2 shows that in Theorem 2.5.3 we cannot have arbitrary quotients.

Although being in standard form has few consequences without some additional
set theoretic hypothesis the situation changes if we assume MA + —~CH. Since we
will only need one consequence of MA + —~CH, rather than reviewing this axiom we
will just state the result we will need.

DEFINITION. Suppose (ns: 6 € E) is a ladder system on £ C Lim(w;). A
collection of functions (¢s: § € E) where ¢s: w — w; is called a coloring of (ns: 6 €
E). A function f: w; — wi uniformizes (cs: 6 € E) if for all § € E there is ng such
that for all m > ns f(ns(m)) = cs(m).

2.6 THEOREM ([DS] or see [M4] for another proof). Assume MA + -CH
and (ns: 6 € E) is a ladder system on E C Lim(w;). If (cs: 6 € E) is a coloring of
(ns: 6 € E) and for all 6 € E and n < w cs(n) < ns(n), then there is f: wy — wy
which uniformizes the coloring.

Following Eklof we will define a Fuchs 5 group A of cardinality w; to have the
decomposition property if whenever I'(4) = E and E = {J,_,, E;i (disjoint) and
for all 6 € E;,6 > i then A = @,_, A* where I'(A’) = E;. In [E3] it is shown
that assuming MA + —-CH and a decomposition property of stationary sets that
any wj-separable w;-free group of cardinality w; has the decomposition property.
(This is not the statement of Theorem 2.10.2 of [E3], but is the content of the
proof.) In [EMZ2] we generalized the methods of [E3] to w;-separable p-groups
of cardinality w;. However the best result we were able to prove there was that,
assuming MA + —-CH, any such group is isomorphic to the direct sum of itself
together with a ¥-cyclic group of final rank w;. The following result together with
the results in the next section, generalize in the context of PFA (or PFA™) the
results discussed above.

2.7 THEOREM. Assume MA +-CH. Suppose A 1s a Fuchs 5 group in standard
form. Then A has the decomposition property.
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PROOF. Let (As: @ < wy), (Baw: @ ¢ E,a0 < v) and (Y5: 6 € E) witness
that A is in standard form. We can assume that foralld €e Fand a < 6, a € E
{y € Ys5: lpa(y) # 0} is finite. Hence for § € E, {a < §: Maa+1(y) # 0, some
y € Y5} is of order type w. Let ns be the ladder enumerating this set. So we have
a ladder system (ns: 6 € E).

Suppose now that E' = |J,,,, Ei (disjoint) where for all § € E;, § > 7. We define
a coloring (¢s: 6 € E) by

cs(n) = {

Let f: w; — w; uniformize (cs: § € E). For ¢ < wy, define B* = @ Bao+1 (¢ E
and f(a) =1). For i < w; and 6 € E; define Y = {y — Ilok, (y): y € Ys}. (Here
(ns: & € E) is a sequence of natural numbers which witness that f uniformizes
(cs: 6 € E) and ks = max{ns(ns),7 + 1}.) Now define A* = (B*U{Y/: § € E;}).
Since for all 6,7 and y € Y5, Ilop,(ns)(¥) = Daes Haa+1(y) for some finite set
SCw\E,A=Y,_, A" Itis also easy using the definition of the (n5: 6 € E) to
see that A = @, ,,, At

We can now partially answer the question, “can all weak Fuchs 5 groups be put
in standard form?” The answer assuming some set theory is no.

1 iff 6 € E; and ns(n) > 1,
0 otherwise.

2.8 THEOREM. It 13 consistent with MA + ~CH that there 1s an w;-separable
wy-free group of cardinality wy which cannot be put in standard form. Alternately
if we assume O(E) holds for some stationary E C Lim(wy), then there is an wy-
separable wy-free group of cardinality wy, A which cannot be put in standard form
and T(A) = E.

PROOF. In [E3, Theorem 2.10(1)], assuming ¢(F), an w;-separable w;-free
group of cardinality w; is constructed with I'(4) = E. This group has the property
that if MA + —CH is forced true by a c.c.c poset then A does not have the decom-
position property. So neither in the ground model nor in the forcing extension can
A be put in standard form. Theorems 2.2 and 2.4 show that {(FE) implies that
there is an w;-separable p-group of cardinality w; which cannot be put in standard
form with ['(A) = E.

REMARK. The proof of the theorem above has some disadvantages. The groups
Eklof constructs are of type R (i.e. for 6 € E Asy1/As =~ {a/b € Q: b is square
free}). Also his group possesses a system of complementary summands. There are
a few natural questions.

QUESTION. Is it consistent that any w;-separable w;-free group of cardinality
w1 is quotient equivalent to one which cannot be put in standard form (i.e. can the
As+1/As be arbitrary)? Is it consistent that there is an w;-separable w;-free group
of cardinality w; which has no system of complementary summands?

3. PFA and standard form. In this section we will show it is consistent
that most weak Fuchs 5 groups can be put in standard form. Our results will
be consequences of the proper forcing axiom, PFA. We will review the definitions
needed to understand this axiom (but again we recommend [M3]).

DEFINITION. If A is a set P, (A) denotes the set of all countable subsets of A.
A subset C C P, (A) is called a cub if it is closed under the union of countable
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chains and if for X € P, (A) thereis Y € C so that X C Y. If  is a cardinal then
by H(k) we denote the sets of hereditary cardinality < x (i.e. H(«) is the unique
set such that X € H(k) iff [ X| <k andforallY € X, Y € H(k)). If A is a set we
say k is large enough for A if A, P(A) € H(k). Suppose P is a partially ordered
set (a poset). All posets are assumed to have a least element 0. A subset D C P is
dense if for all p € P there is ¢ € D so that p < ¢ and for all p € D, p < ¢ implies
q € D. Elements p,q € P are compatible if there is r such that p,q <.

Suppose now N < (H(k),€,P) where « is large enough for P. A ¢ € P is N-
generic if for all r > g and D € N a dense subset of P there is s € DN N such that
r and s are compatible. A poset P is proper iff for any « large enough for P there is
a cub set of countable N < (H(k),€,P) so that all p € N NP there is p < g which
is N-generic. (Here “<” denotes elementary substructure. The reader who wishes
to ignore this notion can just assume N has all appropriate closure properties. Also
it is equivalent to require the condition above for all such N.)

DEFINITION. PFA(A): If P is a proper poset of cardinality < XA and D is a
family of w; dense subsets of P, then there is a D-generic subset of P (i.e. there is
a directed subset G of P such that GN D # < for all D € D).

PFA: for all cardinals A, PFA()).

Shelah [S2] has shown that PFA is consistent with ZFC, assuming the con-
sistency of the existence of a certain large cardinal. For our purposes PFA(2%°)
will suffice. One also needs a large cardinal to show the consistency of PFA(2%0).
However all our results actually follow from an axiom, PFA~, we formulated in
[M3]. This axiom can be shown to be relatively consistent with ZFC (without any
large cardinal assumptions). Unfortunately it has a complicated statement. So
we will state that our results are consequences of PFA~ but prove them assuming
PFA(2R0). (It should be noted that our contribution in showing the consistency of
PFA~ was restricted to explicitly stating the axiom. Everything else is implicit in
[S2]. In this paper we will not bother stating PFA™.)

3.1 THEOREM. Assume PFA™. Suppose A is a weak Fuchs 5 group of cardi-
nality wy; then A can be put in standard form provided either that

(I T(A)#1 or

(IT) every countable subgroup of A is a direct sum of cyclic groups.

PROOF. To begin choose an w;-filtration (A, : & < w;) of A so that for each
o, Agt1 is wi-pure. Let E = {a: A, is not w;-pure}. We want to find a cub
C C wy, a system of complementary summands {B,,: v,7 € C, v ¢ E} and
{Ys: 6 € ENC} such that:

(1)if6€eCNE, then 6 +1€C;

(2) if 0 € C then o+ ¢ E (where o is the successor of ¢ in C);

(3)if 6 € CNE then Asiq = (A5 UY;);

(4)if 6 €e CNE, then for all v,7 € CN§ with v,7 ¢ F and y € Y5 there is S a
finite subset of C N6 such that Il (y) = >, cg Moo+ ().

We let our poset P be the partial order whose elements are countable approxima-
tions to the desired sets. More exactly an element of P is a triple (C, B, Y) where C
is a countable closed subset of w; withsupC ¢ E, B = (B,,: v,7€C,v ¢ E) is a
system of complementary summands, and Y = {Y5: § € CNE} and C, B, Y satisfy

— N
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(1)-(4). Order P by letting (C,B,Y) < (C',B",Y’) iff C’ is an end-extension of C,
BCB andy CVY'

For a < wy let Dy = {(C,B,Y): @ < supC}. We claim that each D, is dense.
Consider any (C,B,Y) € P and assume 3 = supC < a. Choose Bgy+1 such that
Ag ® Bgat1 = Aa41- Forv e CnNnPBand v ¢ E, let Bug+1 = Bug ® Bgot1-
Let ' =CU{a+1} and B' = BU{Bya+1: ¥ € C, v & E}. Then (C,B,Y) <
(C',B",Y) € Do. Assume for the moment that P is proper. If G is a directed
subset of P which meets each Dy, then (|JC,|J B,|JY), where all unions are taken
over (C,B,Y) € G, are the desired sets. It remains to see that P is proper. We
consider the cases (I) and (II) separately.

Assume (I). Our proof is modelled on the proof in [M2]. We consider a countable
N < (H(k),€,P) and let & = N Nw; (note: N Nwy is always a countable ordinal).
We can further assume N = J,,,, Nn, where for all n N, < Npyy < (H(k),€,P),
ap < apy1, and ap, € E. Here a, = Ny Nw;. We also assume that (A,: v <w;) €
Np. So for all n if B < oy, then Ag € N,. There are two cases to consider: either
a € E or a ¢ E. The case where a ¢ E is substantially easier so we assume that
a€ L.

Consider (Cg, By, Yo) € P N N. Without loss of generality we can assume
(Co, Bo, Yo) € Npo. Enumerate the dense subsets of P in N as (D, : n < w) so that
D,, € N,,. Next choose (H,: n < w) and (K,: n < w) so that Ay, ® H, = Ag+1
and H, = K, ® H,4;. (Such a sequence can be chosen inductively by first choos-
ing Hy, letting Ko = Ho N A,, then choosing H; so that Ko & Hy; = Hy, etc.)
Let 1, be the projection of A,+; on K, along Ay, & Hpyi and let ¢_; be the
projection of Ay 41 on Ay, along Hy. Choose Y, so that Ayt = (A4 UY,), for all
y €Yy, ¥_1(y) =0, and for all n, {y € Yy : ¥n(y) # 0} is finite.

We will now define a sequence of elements of P, (Co, Bg, Yo) < (C§, Bb, Y5) <
(C1,B1,Y1) < (C},B1,Y1) < ---. We will let 8, denote supC, and ~, denote
sup Cj,. The sequence shall be chosen so that: (CJ, B),,Y,,) € N, N Dy; for all n,
an-1 € Cy; and for all n and y € Yo Yn(y) € B, ,+. Suppose for the moment we
have defined such a sequence. We will finish the proof.

Let C = |JCp,B = B, and Y = JY,. We will now extend (C,B,Y) to a
(C',B',Y') € P. (This clearly suffices, since if (C",B",Y") > (C’,B',Y’) it is also
> (Cn,Bn,Yn) €D NN,.) Let C' =CU{a,a+1} and Y’ = YU {Y,}. Forv e
C\E, let Bua = U, g<q Bvg- It remains to define Byq41 for v € C\E. It suffices
to define By, a+1 for n < w. Let Ba,a+1 = Bana U{y = D kcn Yk(¥): y € Yal.
Then we let B’ = BU{Byo: v € C\E} U{Byo+1: v € C\E}.

The proof that Ag+1 = Aa, D Ba, o+1 is similar to that in [M2]. We repeat the
argument here for the reader’s convenience. Suppose b + Zle a;y, € Aa, where
b € By,q and each y; =y; — 3_;,, ¥;(y) for some y; € Y,. Choose m > n so that
be A, - Let v =v_1+vo+ -+ ¥m_1. Then

k k
b+ Z ay = (b + Zawé) (since 1 is the identity on A,,,)

m—1

k k
=b+Y aw(yl) =b+)_ D ah;(y))

1=1 1=1 7=1
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Further for all 7,

m—1 m—1

Y %) = D ;(4i) € Bayan:

7=1 j=n

So b+ ZLI a:y; € Ba,a,.- Since Ay, N By, a,, = {0}, this element must be 0.

We now define the sequence. If (Cy, B,, Yn) € N, has been defined, then choose
(CnyBnyYn) < (CL, B, Y}) € NyND,,. Now suppose (C, B}, Y),) has been defined.
Choose B, o, € Npt1 sothat Ay o, ®By,a, = Aa,. (Since such a subgroup of A
exists in H(k), one must exist in Np4+1.) Then choose (3,41 so that oy, < Buy1 <
an+1 and {¥n(y): y € Yo} € Ag,. Since {¢n(y): y € Yo} is finite and there is a
group B so that Ay, ® B = Ag,,, and B 2 {¢n(y): y € Yo} (KnNAg,,, works),
there is By, 8,,, € Nnt1 as above. Finally for v € C; \E let B,,, = By, ® B, a,
and B,g,,, = Bua, ® Ba,3,.,- (By convention let B,, = {0}.) Define Cpy; =
CrU{an,Bnt1}, Bny1 = BoU{Bya,: v € Co\E}U{B,g,,,: v€C,\E orv = a,}
and Yni1 =Yy

Suppose now II holds. We can also assume E = lim(w; ) since otherwise we are
in case I. The proof follows the same strategy as before, but we have to more clever
in our choice of the H,’s and K,’s. We will need to use the following lemma which
is a variant of a lemma we learned from L. Fuchs.

3.2 LEMMA. Suppose Go C G C Gg, G is a direct sum of cyclic groups, Gy s
a direct summand of G2, Go = |, ., Ri where for alli R; C R;y1 and R; is a direct
summand of Go. If M is a finitely generated subgroup of Go and Gy N M C Gy,
then there i3 ¢ and a finitely generated M, so that M C R; + M, and for allm > 1
there 1s D O M, with R, ® D = G>.

We will delay the proof of this lemma. We can assume we are considering N =
U Nn, Dy, (n < w), (Co, Bo, Yo), an (n < w) which have the same properties as in
case I, except o, € E. We will inductively define an increasing sequence m(n) (n <
w) of natural numbers, subgroups K,, H, of Agy1,(Cr, Bn,Yn), (CL, B}, Y.) € P,
and {y?: 7 < w} € Ag41. To begin choose Y = {y;: i < w} so that Ayy; =
(AqUY). Next let m(0) = 0 and choose Hy so that Ay+1 = Aag+1 + Ho. Let I,
be the projection of Ay y; on Ayy41 along Hy. For ¢ < w let 37 = y; — TI_1(y;).
Choose (Cy, By, Yo) < (Cp, By, Y4) € No N Dy. (As before we will let 8, = supCp,
and v, =supCj,.)

Next we will apply Lemma 3.2. Let Go = Hy and M = (y9). Choose m(0) <
m(1) so that MNA, = MﬂAam“). Let Gg = Aam(l)ﬂHO and G, = Aam(1)+1 NHyg.
Let 7; ( < w) be a increasing sequence of successor ordinals > ag+1 with supremum
am(1)- Let Ry = A;, N Hy. Let ¢ and M; be as in the conclusion of Lemma
3.2. Choose a finite set S C A, N Ho so that M C (SU M;). Now in Ny,
choose first By q,+1 and then choose Byg+1 7, 2 S. Let C; = C' U {ag + 1,7},
Y1 = Yg, and let B; be the system of complementary summands determined by
B(') U {BQO.H T'.,B7oa0+1}. Next choose (C1, B1,Y1) < ( i,B{,yi) € Nm(l) N D;.
Next choose W so that W O M; and Ho = HoNA,, ®W. Let K' = WNAa, ) +1-
Choose H; a complementary summand of K’ in W. Let T be a finite subset of K’
so that M; C (T U H;). Now let By amay+1 € Nm(1)+1 be chosen so as to contain
T. Finally let Ko = HoN A4, @ K’'. Note that with this choice of Ky and Hj,
o(M) C Bag+1 8, + Byyapy+1 and By = (ap+1)*" and (71)% = a1y +1. (Here
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Mo is the projection on Ko along H; and the equation (71)* = a;,(1) + 1 holds on
C2 which we are at liberty to define.) We then let y} = y? — IIp(y?) (: < w).

In general for n we repeat the construction above inside H, and let M = (y*: ¢ <
n). To complete the construction we merely define Y, = {y?: n < w} and claim
the rest of the proof is exactly as in case I.

We now give the promised proof of Lemma 3.2.

PROOF OF LEMMA 3.2. Since M is finitely generated we can assume Gy =
G, & L where L is finitely generated. Let II: M — L be the projection of M
into L along G;. Since ker(II) C Gy, ker(II) C Gy. Now let ¢1,...,cx be a set
of independent generators of II(M) = L’. For each j choose g; € G; so that
¢; +9; € M. For any j if there is r; # 0 such that rjc; = 0 and r;g; # 0, then
7395 € Go. Choose r; minimal and g; € Go so that rjg; = r;g;. If no such r; exists
let g =0.

Define a map ¢: L' — Gy by ¢(c;) = g; — g;. We view @ as a map to G1/Rn
for all n. Choose ny,9, L' C L" C L so that ¢: L"” — G1/Ry,, ¥ extends ¢ and
L" is maximal. More exactly we assume that L' +¢(L)/t(L) is maximal in L/t(L)
and L" Nt(L) is of maximum cardinality. Now choose 7 > n; so that ker(II) C R;,
and for all 7, g;» € R;. Since R; is a direct summand of G, we can assume 9 is a
map to a complementary summand of R; in G;. Let M; = {(¥(c),c): c€ L"}. By
the choice of My, M C R; + M;. To see that for any m > ¢ there is D O M with
R, ® D = G, it is enough to check that M, is pure. (M is finitely generated.)

Consider any element (¢(c),c) € M; and suppose for some prime p, p™|(v(c),¢)
in G1/Rp,, but p"™ 1 (¥(c),¢) in M;. Choose d so that (d) is pure in L” and
¢ € (d). Assume p'kd = c where (k,p') = 1. Fixe € L and f € G1/Rnm, so that
p"(f,e) = (¥(c),c). Since L and G1/R,, are E-cyclic, we can write L as Lo@ L, DL,
and G1/Rp, as Hy ® H, ® H, where Ly, Hy are torsion free, L,, H, are p-groups
and L,, H, are torsion groups with no elements of order p. We denote the obvious
projections by the subscripts 0,p and r.

Choose integers u and v so that ku = 1 mod (order of e,) and p"v = p' mod
(order of d,). Let gg be the (unique) element of Lg so that kgo = ep and let hg be the
element of Hy so that khg = fo. Let g = go + uep +vd, and h = ho +uf, +vi)(d),.
Note that p"kg = ¢ and p™kh = ¢(c). Next choose K so that L" = (d) & K. Let
L'" = (g) ® K. (Since c € {(g), (9 N K =0.) Let ¢': L" — G;/R,, the unique
map extending |K such that ¢¥'(g) = h. Now if go # 0 then L + t(L)/t(L)
strictly contains L" +¢(L)/t(L), contradicting the choice of L”. But if go = 0, then
[L" Nt(L)| > |L" Nt(L)|. Again we have a contradiction.

3.3 COROLLARY (PFA~). Any weak Fuchs 5 group A of cardinality wy is a
Fuchs 5 group provided either that T(A) # 1 or A is wy-E-cyclic.

This result follows for w;-free groups from Shelah’s solution to the Whitehead
problem ([S1] or see [M1] where this consequence was first observed). For p-groups
it follows from Megibben’s work on Crawley’s problem [Megl] and is specifically
stated in [Meg2]. Later we will sketch a construction of an w;-separable w;-X-
cyclic group which is not split. So our result even for wj-separable w;-E-cyclic
groups is new. However the result for these groups could be proved by a standard
MA + —CH argument. The principal reason for giving this construction remains to
illustrate the naturality of standard form.
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For weakly w;-separable w;-free groups of cardinality > w;, Corollary 3.3 fails
(in ZFC). Shelah has constructed (cf. [E2, Theorem 8.3]) a weakly w;-separable w;-
free A group of cardinality 2¥* which is not a Whitehead group. Soif Z - B — A
is a nontrivial extension, then B is weakly wj-separable but not wj-separable.

4. Constructing a group in standard form.

4.1 THEOREM. There is an wy-separable wi-X-cyclic group A in standard form
so that A is not split (i.e. the torsion subgroup of A is not a direct summand).

PROOF. First choose G a countable group which is not split. Now let K —
F — G be a pure projective resolution of G. That is F and K are X-cyclic and K
is pure in F'. Since any finitely generated pure subgroup of K is a direct summand
of F we can choose Ko C K;--- and Hy C H;--- so that K = @@ K,, for all
nF =@,,<, Km ® H, and H, = K, ® Hy:. By adding a X-cyclic group to all
the groups we can assume each K, = @, @, Z(p") ) @ Z(“). (Here Z(p") is the
cyclic group of p™ and the superscript (w) indicates the direct sum of w copies.)

Fix F C lim(w;) a stationary set and (ns: 6 € F) a ladder system. We define
(Aq: @ < wy), (Bav: @< v, a € E)and (Ys5: 6 € E) by induction on A. Fora ¢ E
choose Byot1 = @, @p Z(p™") ) @ Z) and let Aqy1 = Ag + Baas1. Then let
Bro+1 = Bra ® Baa+1, Where this makes sense. At limit ordinals there is no choice.
For 6 € E, choose Y5 2 @ By, (n) ns(n)+1, 50 that F = Y5 via an isomorphism ¢
which takes Ky to By, (n) ns(n)+1- Then let

Aat1=Ys @ BOn&(O) @ @Bna(n)+l ns(n+1)-

Finally define By, (n)a+1 = @m>n Brs(m)+1 n5(m+1) +¥(Hn). Asusual A = Aq.

Suppose A is split, i.e. A = T & D where T is the torsion subgroup of A.
Then there is § € E and v > § so that As = (TN As) + (DN As) and A, =
(TNA,)+(DNA,). So

Ay [As = (TNA)/(TNAs)® (DNA)/(DN As).

So A, /As is split but A,/As = G + C where C is X-cyclic. So we have a contra-
diction.
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